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CHAPTER 1 


1 INTRODUCTION 

Let c(x) be the ring of real valued continuous functions 
on a completely regular Hausdorff space X Hewitt [11] proved that 
if X is a realcompact metric space, then C(x) completely determines 
X m the sense that a ring isomorphism between C(x) and C(y) implies 
that X and Y are homeomorphic , for any other completely regular 
Hausdorff space Y But as Gillman and Jenson [9] point out, for 
practical purposes, metric spaces are realcompact and so c(x) 
determines X for most of the metric spaces While working on 
metrization problems, Chittenden \ 2 ] studied the class of topological 
spaces in which every point is a zero-set Anderson [ 1 ] proved a 
remarkable theorem that if X and Y are tv® completely regular spaces 
in which every point is a zero-set, then a ring isomorphism between 
C(x) and C(y) implies the existence of a homeomorphism between X and Y 

In the thesis we prove that if X is a realcompact completely 
regular space in which every point is a zero-set, then C(x) completely 
determines X m the sense of Hewitt Also, a different proof of 
Anderson* s theorem is given Ehese theorems are proved In chapter 4 
by using the results developed in chapter 3 

Since the topological spaces in which every point is a zero- 
set are important for us, in chapter 2 we study some topological 
properties of such spaces We call such spaces weakly perfectly 
normal (in brief, wpn) Since every closed set is a zero-set in a 
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perfectly normal space, a perfectly normal space will be weakly 
perfectly noimal 

Ihe characterization of a point zero-set in terms of C(x), 
presented in chapter 2, has been generalized for an arbitrary zero- 
set and hence we get a satisfactory characterization of perfect 
normality in terns of c(x) All these characterizations are given 
in terms of the existence of certain countably generated ideals in 
C(x) Ihese in turn provide motivation for a study of those ideals 
of all the continuous functions vanishing on a neighborhood of a 
closed set of X and ideals of all the continuous functions vanishing 
on a closed set of X which are countably generated Eurthexmore, we 
study the ideals 0^ of all the functions f in C(x) such that z(f 
is a neighborhood of A m EX and M A of all the functions f in C(x) 
such that contains A, where A is closed in 6X, which are 

countably generated We settle a question raised in [ 5 ] by proving 
that in a pseudocompact space, countably generated implies A is 
open, for any closed set A of 8X Also, we gLve an example to show 
that it is not so an a general space All these things are dealt an 
chapter 3 

Erom the results of chapter 3 we observe that countably generated 
ideals play an important role in metric spaces Kohls in [14] points 
out the scarcity of countably genearated ideals an c(x) One of the 
nice results proved in chapter 5 is that an a first countable space, 
a prime ideal is countably generated only if it is maximal and hence 
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it corresponds to an isolated point We next turn our attention 
to the study of countably generated z-ideals in C(x), and identity 
some of them when X is a metric space In this context, there is 
a conjecture by De Marco [4] about the structure of countably 
generated z-ideals of c(x) for an arbitrary space X 2he conjecture 
was settled in the affirmative by De Marco himself for compact spaces 
We settle his conjecture for pseudocompact spaces by the techniques 
developed m chapter 4 

2 Notations and elementary results 

(Che rest of this chapter is devoted to relevant notations, 
definitions and background results which will be needed throughout 
the thesis Some of the results were not known in the specific form 
stated here 

3y a space X we will always mean a completely regular Hausdorff 
space, excepting in the first five sections of chapter 2 She 
standard reference for the elementary definitions and results is [9] 

c 

If A is a subset of a space X, then A denotes the complement 
of A m X Some more notations are as follows. 

R = Set of all real numbers 
2 s Set of all integers 
N « Set of all natural numbers 

W * Set of all ordinals less than first uncountable 


ordinal 
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If f e C(X) then Z ^(f) * {x e X f(x) = 0> If there os no 

chance of confusion, we write z(f) instead of Z^(f) 

Proposition 2 1 Every zero-set is a A closed G^ is a zero- 

set if it is completely separated from any other disjoint closed set 

Ihe proof of the first statement is obvious and the proof of 
the second can be given by using the technique developed in 1 14 of 
[9] A simpler proof of it will be produced in 5th chapter 

It is clear that Z(f-|f| ) = {x e X f(x) ►. 0} and z(f + |f| ) = 
{x f(x) <_ 0} We have the following results 

Proposition 2 2 (a) let f e c(x) Ehere exists a function g e C(x) 

"""I 

such that z(g) = f [0,r} for some r e R 

(b) f,g e C(x) with z(g) C z(f ) Let b be a bounded continuous 
function on X-z(g) Define a function h on X as follows 
h(x) * f(x) b(x) for x i z(g) 

h(x) =» 0 for x e Z(g) 

Ihen h is continuous on X 

Proof (a) g * (f - |f)) 2 + ((f - *) + |f - «|) 2 serves the purpose 
(b) Clearly h is continuous on X-z(g) Since X-z(g) is open in X, 
inverse image of any open set-, not containing zero, in R, under h 
will be open in X as h is continuous on x -z(g) It remains to prove 
that inverse image of any open set of R, containing zero, is also open 
in X It is sufficient to prove that h"*\~e, e) is open for some e > o 
As is argued above, it is clear that every point of 4 (t)isan 
interior point of h \-e» e) for any t ^ 0 and t e (-e, e) Next, let 
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I b| < M Also, j f(x)| <| - - - M |f(x)| > - e _r -> 

b(x) jf(x)| > - e, and snailcsrly |f(x) | < | ^ *(x) |f(x) J < £ , 

we have 


e 

i 


- e < b(x) 

|f(x)j < e 

- e < b(x) 

f(x) < e 

)| < ji } — {x 

- e < h(x) 


Bu-fc z(f) C_ (x ( f(x) |< — } which is open Thus every point; 

of z(f) is an interior point of h~"* (~e, e) We can write 


h -1 (-£, e) = [ (h~ 1 (- £ , e)fl (x-z(g)) Jl/ z(g) 

Since h (-e, e)f\ (X-z(g)) is open in X and every point of z(g) 

d A 

is an interior point of h (-e,e), h (-e, e) is open in X # 
Proposition 2 3 let f, g e C(x) 

(a) If z(f) is a neighborhood of z(g), then f is a multiple of g 

(b) There exists a positive unit u of c(x) such that (-1 V f)A1 - uf 

Proof (a) Let h(x) - g^xj" ^ or x ^ I* 1 "* 1 z(f), and h(x) = 0 for 

x £ z(f) Clearly h is a well defined function and when restricted to 
X - Int z(f) or z(f), it is continuous Thus h is continuers on whole 
of X It is now obvious that h g a f* 

—1 

(b) Define a function u X-»- R such that u(x) = 1 for x e f [-1,1 ], 

u J 

and u(x) = " j ^ T ^y j for x e f~‘ ((-<«, -1 [1,*°)) Clearly u is well 

defined and is continuous on each of the closed sets f [-1,1 ] and 
f ^ ( (-“,-1 31,7 [I, 00 )) Since z(u) =* 0 , u is invertible It is now 
plain that (-1 yf) a i « u f # 

We give some definitions 

Definitions 2 1 (a) Ily ( , f a , ), a e A, where A is some 

indexing set, we mean the smallest Ideal I containing f a for each 
a e A and say that the ideal I is generated by {f ft a e A) 
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(b) Z(l) = (z(f ) f e 1 } 

(o)f)z(i) =. (*) Z(f) 
fel 

3he proof of following theorem can be found in [ 9 ] 

theorem 2 4 Every z-ideal in C(x) is an intersection of prime 
ideals 

Definitions 2 2 

(a) 0 A = {f e C(x) ACInt z(f)} 

(b) M A = {f e C(x) AtZ(f)}, where A is a subset of X 

It is clear that O^CM^ Also, it is very simple to observe 

that 0 A and M. are z-ideals, and that 0. * C~/ 0 and M. = O M 
A A A . a A ' a 

aeA aeA 

We will prove the following result 

Theorem 2 5 z-ideal is an algebraic property 

Proof Let I be a z-ideal Given f e C(x), let there exist a g e I 
such that f belongs to every maximal ideal containing g Thus p e z(g) 
1,1 g e M — ■ f e M p e Z(f) We have Z(g)<^ Z(f) Since 

.r Jr 

I is a z-ideal, fel Next, let I be some ideal in c(x) and gel 
Let there be an f e c(x) such that Z(f)^Z(g) Since a maximal 
ideal is a z-ideal, f belongs to every maximal ideal containing g 
Hence if I has the properly that, for given f e c(x), if there exists 
gel such that f belongs to every maximal ideal containing g, then 
fel, then we observe that I is a z-ideal 

We proved the following 

I is a z-ideal if and only if given f e c(x), if there exists g e I 
such that f belongs to every maximal ideal containing g,then fel 
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Prom this characterization of z-adeals it is clear that if 
c(x) is isomorphic to C(Y), then image of a z-ideal will he a 
z-ideal # 

We will not discuss the theory of Stone-Cech compact if ication 
and realcompactification for which we refer to [9] The following 
result is proved in [9] 

Proposition 2 6 X is open in gX if and only if X is locally compact 
where 6X is the Stone-Cech compactif ication of X 

As an immediate corollary of this proposition, we get that 
gR - R is closed m gR , and hence gR - R is compact 

Remark 21 It is simple to observe that if V is an open set in gX 
then Vf)X CX = V® 

Some more definitions are in order 


Definitions 2 J 


(a) 0 A = {ft C(x) A<£lnt gx z(if X } , where A is a subset of X 

TgXi 


(b) M A = {f e C(x) AQz(f/ X >, where- A is a subset o f X 

(c) 0? = {f e C(gx) A dint v Z OY (f)}, whe ^ e A 18 a subset of & 

A ***" ^ pA 

(d) = {f e C(gx) A£z^(f) } , where A is a subset of gX 

^e) <t><l) = {p e X M 21} = C z (f) * *)Z(l),fer any ideal Ian c(x 

p fel 

(f) 0 ( 1 ) = {p e gX M P rOl} = O zlf )^ X >for any ideal I in C(x) 

" fel 

Bie following proposition is a direct consequence of above 


definitions 
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Proposition 2 7 


(a) 

0*^ and 

M 

are z-ideals 

(b) 

o 

[i 

i 

0 a and = « ) M a 



aeA 

asA 

(c) 

♦d) =: 

Xf 0(1) 

(a) 

h-t 

<D 

o 

I 


Remark 

I need 

not 

contain 0^ 


Por, let I = then 4>(l) = {q} and 0^^ = 0^ Clearly I 

does not contain 0^ as it is not contained in a unique maximal ideal 
We here use some results of chapter 7 of [9]. 

We will require the following results in our study 

Proposition 2 8 (a) If X is dense in I, then the family of all 

seta Z 9 for Z e z(x), xs a base for the closed sets in I 

(b) Every zero-set in Sx is a countable intersection of sets of the 

form 5 , for Z e z(x), the collection of all zero-sets in X 

(c) X is pseudocompact if and only if every nonempty zero-set in £X 
meets X 

(d) X is pseudocompact if and only if (3X = vx, where vX is the 
realcompactification of X 

Proof (a) let P be a closed set in T and x i P, where x e I Since 
T is completely regular, there exists a function f e C(t) such that 
f(p) as 0 and f(x) = 1 Consider a function g e C(t) such that 
Zj(g) * f" 1 [0, (Proposition 1 2 2(a)) It is clear that Zj(g) is a 
neighborhood of P Let £ = g/x Prom remark 1 2 1 it is clear that 
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Z X^ T 18 a neighborhood of F since Z^g) = Z^g^X further, 

since Z x (g) ^Zj(g), x ft Z^g)^ and the proposition is proved # 

(b) Let f e C(sx) Choose f e C(gx) such that Z-* (f ) = f“^ fo, — ] 

n pX. n 7 n J 

(Proposition 12 2), for each n e W Since Z^f^) is a neighborhood 

of Zgjj-Cf), 2g x (f n )' - )X P p Let = fjx Clearly Zj(f^) = 

Z 0X Moreover, Z^(f^ is a neighborhood of z(f) 


as is 


clear from remark 12 1 It is now clear that ^ 1 (f) CX = z(f) 

1=1 X 11 

(c ) Let X be pseudocompact and f e C(gx) such that Z fiY (f)r X = p 
If f = f|x , then since f ^[0,e) intersects X, .f attains values in 
every neighborhood of zero As Z (f)f)X = p, Z (f) = p Onus ~ 
exists and is unbounded on X, a contradiction Conversely, let X 
be not pseudocompact Let f e c(x) be unbounded 3hus, |f J will 


be unbounded, and hence 


IV 


fT 


will be bounded and continuous on X 


Also, j f j will attain values in every neighborhood of zero and 
will never vanish in X Let h be the aroni/inuous extension of | ~ 

to BX Clearly h assumes value aero at some points of gX Hence 
Zg^h) p p and Zg X (h)(^ X = p y a contradiction 
(d ) Trivial # 


Proposition 2 9 Let A be a closed set in gX We have 

a . r i mt wf* 

g e 0 

Proof Clearly A £ Da 111 V Z (g) $X 

g e 0 A BX 

Next, let pe|T^Intg x z(g)^ and p i A Since A is closed in gX, 
ggC/ 

by proposition (l 2 2) we get g in c(gx) such that Z OY (g) 

PA 


xs a 



to 


neirfiborbood of A and p £ Z ov (g)» and hence, we get a function 

PA 


g e C(x) with g e 0 A and p i z(g)^ X Da us p i Int^ Z (g) m for one 


rPX 


6X 


g e 0 This is a contradiction to p e 

geO 

The proof of the following theorem can be found in [9] 

theorem 2 10 In any space, the union of a compact set with a 
realcompact set is realcompact 


Proposition 211 
neighborhoods 


In P , Z does not have a countable base of 


Proof let {U^,U 2 , } be a decreasing sequence of neighborhoods of 

Z in R let U be the first element of the sequence such that U. D U 

P 1 1 P-l 

and the open interval in U containing 1 is strictly contained in the 

P 1 

open interval on containing 1 Let us call the later property by 

"U 1 H> U at 1" Now, get the first U in the sequence such that 

' ^ P 1 ^3 

U “ U at 2 Thus, continuing like this, we will get a subsequence 
P 1 V P 2 

{U^, , > of the original sequence of neighborhoods of Z 

Choose q. e U. such that q ^ U and q e the open interval 

If 1 1 

in U, containing 1 Next, choose 5 , e II such that q | U and 
i c ^ i>2 

q e the open interval in U containing 2 This way we will get a 
2 P-j 

closed sequence ) suc ^ that no q^ is an integer 

Clearly no U is contained in the open set R - {q^»q 2 >* > 

p i 

containing Z Thus no will be contained in this neighborhood of 
Z # 


Proposition 2 12 


A free ultraf liter cannot have a countable 


base 
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Proof If (U ) ,, is a countable base for a free filter F , then 

n neW 

we can inductively pick two points from each so as to obtain two 
disjoint sets, each of which meets every U , a contradiction to the 
fact that F is a filter 

Another proof of this proposition will be given in example(2 53) 
in the next chapter 

Ify example (2 5 3) we mean third example in section 5 of 2nd 
chapter Same rule will be followed for theorems, propositions, 
corollaries and remarks 2he theorems, propositions and corollaries 
in a section are numbered together 

In the last we prove 

Proposition 2 13 (a) X is a P-space if and only if M p = 0 P for 

all p e PX 

(b) A pseudocompact B-space is finite 

Proof (a) Since a space X is a P-space if and only if M p =» 0^ 
for all p e X and since M P = M p for all p e X, the converse is clear 
If X is a P-space, then to prove that M P = 0 P for all p e $X, it 
is sufficient to show that M P 0 P for each p in &X Let f e M P 
lOhus p e Z(f) eX Since z(f) is a in X, it is open in X as X is 
a P-space X-z(f ), being open and closed both is zero-set in X 

ft y 

^y the characteristic property of gX, (X-Z(f ) ) fi z(f ) p - - 

(X - z(f)) S n Ktf 3 - Since (x - z(f)) K U Wf* - (X-2 

= BX, 2{i) is open as well as closed In BX We get that 

lnt„ W)® = and hence f a 0 P 

PA. 
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(b) It is plain that X is a P-space if and only if 0X is a P-space 
But a compact P-space is discrete and hence it is finite We get that 
gX is finite, which in turn gives that X is finite # 

let P be a subset of a space X Ihen, by X/P we mean the 
quotient space of X obtained by identifying P with a point Ihus 
if t X -*■ 2/P is the quotient map, a set GjC X/P is open in X/P 
if and only if T (d) is open m X 



CPAPTER 2 


WEAK RERmef- mmAETTY 

(This chapter xs mostly devoted to the studj- of weakly perfectly 
normal spaces We prove some topological properties of such spaces 
and discuss tneir relationships with the separation axioms fhe 
spaces considered in first five sections are not completely regular 
unless otherwise mentioned Prom sixth section onwards all the spaces 
considered will be completely regular and hence weakly perfectly 
normal spaces coincide with Gg-spaces defined by Anderson [1 ] after 
fifth section In the last section we present some results for point 
zero-sets proved by Kohls 1 1 3 3 which will be needed m the last 
chapter 

§1 Definition and examples 

Definition 1 1 A space X is weakly perfectly normal (wpn) if 
every point of X is a zero-set 

Example 1 1 Every metric space is wpn In fact, every metric 
space is , perfectly normal, and we prove the following 

Proposition 1 1 A space X is perfectly normal iff every closed 
set in X is a zero-set 

Proof X is perfectly normal .£==£- X is normal and every closed 
set is a a g in X ^ ■ -) every closed set is a zero-set by 
proposition (l 2 l) 

Since a space is iff every point in the space is closed, 
a perfectly normal space is weakly perfectly normal Since non-T^ 
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perfectly normal spaces are not of much interest, we give the name 
weakly perfectly nonnal to the space m which every point is a zero 
set- as this property is implied by , perfect normality 

Example 12 Ye give an example of a wpn space which is not 
regular 

Let S denote the sue-space of 1? * R obtained by deleting 
(0,0) and all points (~ , y) with y ^ 0 and ne W Define 
ir(x,y) « x for all (x,y) e S, then n is a continuous mapping of 
S onto R Let E denote the quotient space of S associated with 
the mapping ^ Bius, a set A C E is open in E if and only if 
ir (a) is open m S 

(a) E is wpn It is sufficient to prove that c(R)C c(e) But 
this fact is obvious as E has stronger topology than R (See also 
corollary 223) 

(b) E is not regular Since ir 1 (R - {“"} a e ^ ~ S “ e N* 

*| 

which is clearly open in S, we get that V - {-} Q g ^ is open on E 

Thus {— } is closed m E Since the point 0 in E has the 

n n e n 

usual neighborhood system m E, we can not separate 0 and (~) n g ^ 
by disjoint open sets containing them 

Pro po s it ion 12 A wpn space is functionally Hausdorff Thus 

it is Hausdorff and T^ 

Proof Let x, y e X where X is wpn 5here exist f^, £ e C(x) 
such that Z(£j * {x> and Z(f ) = {y> Consider the function 
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x “ |f | + Jf j Since Z d f x l + l f y^ = ^ f 1S wel1 ddl3ned 

continuous function Clearly f(x) = 0 and f(y) = 1 Thus X is 
functionally Hausdorff 


Example 13 If X is non -compact completely regular, Hausdorfi, 
we know that no point of 61 - X is a G^ Since gX is compact 
Hausdorff, it is normal and hence functionally Hausdorff Thus if 
X is non-compact, OR, space then gX is an example of a 
functionally Hausdorff space which is not wpn as er^xy zero -set 
must be G^ In particular, since gR - R is compact Hausdorff 
(proposition 12 6) gR - R is an example of a functionally 
Hausdorff space which is not wpn In fhct no point of gR - R 
is a Gg later we shall give an example of a functionally 
Hausdorff space in which a G^ point is not a zero-set 

Remark 11 gX is wpn if and only if X is compact and wpn 

Example 14 A countable wpn space need not be first countable 

The space £ Let U be a free ultrafilter on N(e g , the 

collection of all the subsets of V whose complements are finite is 
contained in a free ultra-filter on W ) 

Let Y ~ W U { a ) (where a jf w) 

Define a topology on Y as follows All points of U are isolated, 
and the neighborhoods of a are the set TJ for U e Cl 

It is clear that Y is Hausdorff Since complement of any 
subset of Y containing o is a subset of R , such a subset will be 
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open Thus, any subset of a containing a is closed and if it does 

not contain c, it vail be open Let 3? be a closed Set in £ If 

a & S’? then S' will be open ana hence will be a zero-set If a e S’, 

then V - SCW , and define f ) -> P such that f(n) = — if 

n 

n e y - F and f(p) = 0 for each p e F Clearly 1 is continuous 
and Z(f) = F Ihus every closed subset of £ is a zero set Since 

points are closed in £ is wpn 

Since a free ultrafilter cannot have a countable base (l 2 12) 
the point a does not have a countable base of neighborhoods Hence ][ 
is not metnzable 

Ihe next example of wpn space which is not first countable 
is very important for us We will use this example at several 
plac es 

Example 15 We have observed in chapter 1 (l 2 13) that 2 

does not have a countaole base of neighborhooas in R If we 
identity Z with the point zero m R and denote the resulting space 
with quotient topology by R/Z , then clearly the point 0 in R/Z , 
determined by Z will not have a countable base of neighborhoods 
But since Z is a zero set in R, the point 0 is a zero-set in R/Z 
Any other point ofR/Zis also a zero-set as is clearly seen Bius R/Z 
is a wpn space which is not first countable 

§2 Various images of a wpn space 

Proposition 2 1 let X be a wpn space and f X Y be a one- 


one open map Ihen f(x) is wpn 
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Proof Let X R be a continuous function such that z(g x ) = {x}, 

H 

for each x e X Define f(x) R such that k f ( x )(y) = (y)) 

Since f is open, clearly 19 continuous Next, = 

z(g o £ j & {f(x)} [Che proposition is clear # 


Since a one-one closed map is open, we have the following 


Corollary 2 2 One-one closed image of a wpn space is wpn # 

Corollary 2 3 Stronger topology than a wpn topology is wpn # 

Also, since the inverse of a one-one onto continuous map 
is open, we have 

Corollary 2 4 Let f X -*■ Y be one-one continuous and Y be 
wpn 2hen X is wpn # 

Phe proof of this corollary is clear from the following 

Com 13a ry 2 5 Weak perfect normality is hereditary 

Proof Restriction of a continuous function to a subspace is 
continuous # 

2he quotient RA of R by the relation x ^ y iff x-y is 
rational with the quotient topology is indiscrete Since the 
projection P R •+ R/n* is open, we observe that open continuous 
mage of a metric space need not be wpn Lhe example R/Z of 
section 1 shows that even if the quotient of a metric space is wpn, 
it need not be first countable Since R/Z is quotient of the 
metric space R , it is sequential, i e , a subset U of R/Z is 
open if and only if each sequence on R/Z converging to a point 


18 


in U is eventually in u (franklin [7]) Mius we get an example 
of a sequential wpn space which is not first countable A little 
stronger counter example can also be obtained A Freohet space 
(1 e , closure of any subset A of such a space is the set of limits 
of sequences in A ) is a sequential space and the space £ of section 1 
is an example of a Frechet space which is wpn but not first countable 
We need only to prove that £ is Frechet 

Let A be a set in £ If c e A, then A is closed Let a i A 
Mien since U is an ultrafilter, either A e U or X-A e U If X~A e U, 
o i l an d A = A If A 5 tl> then a is not closed and A = A fa} 

In this case, since A is infinite, it is an infinite sequence 
converging to c Mius A = set of limits of sequences in A, and 
hence \ is Frechet 

We have proved the following 

Proposition 2 6 A wpn Frechet spae need not be first countable # 

Since a Hausdorff space is a Jt-space if and only if it is 
a quotient space of a locally compact space, the space R/Z reflects 
the following 

Proposition 2 7 A wpn k-space need not be first countable # 

Continuing the discussion about the images of a wpn space, 
we now give an example to show that a closed continuous image of 
a wpn space need not be wpn 

Example 2 1 It is easily seen that W is wpn Identifying all 
the limit cSrdinals (which form a closed set in W) m W and consider 
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the quotient topology induced by W on this set Let denote this 
space Clearly this quotient map is closed She point m W 
determined by the set of all limit ordinals cannot be a zero-set 
because otherwise, the set of all limit ordinals will be a zero -set 
in ft/, vdiich is a contradiction to the fact that this set is not a 
Gg m W(any continuous function on ft/ is constant on a tail) 

§3 Disjoint sum and product 

Proposition 3 1 Disjoint sum of wpn spaces is wpn 

Proof Let X a be a wpn space and let X* = {(x, a)(xe be a 

homeomorphic copy of X a , for each a e A 2he disjoint sum of the 

spaces X a ( a e A) is the space 1 X a with the underlying set 

ae A 

(_J X* and the topology U C £ X fl is open if and only if 
aeA aeA 

U 0 X* is open for each aeA Iben clearly the function £ f a 
a aeA 

defined on l X Q such that l fjx* = f a is continuous if and 
aeA aeA 

only if each f a is continuous 

Let (x,a) e l X„ We have to show that (x,a) is a zero- 

y 7 01 

aeA 

set Since (x,a) £ X* , which is homeomorphic to X a , (x, a) is a 
zero -set in X* Let f ax e c(x*) such that z(f ax ) = t(x,a)} Define 

l f on l X such that l f a /Xg = 1 on X g if S ^ a, and 

aeA “ aeA „ , _ v t , w 

I %/Xg = f Ohen I f is continuous and Z( J tj = Ux,a Ji 
OEA ax aeA aeA 

Proposition 3 2 Let {X a } aeA be a family of wpn spaces Ihen E X Q 

is wpn if and only if each X a is wpn and, excepting for countably 
many aeA, each X a is singleton 
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Proof Let n X be wpn Hereditary property of weak perfect 
aeA a 

normality implies the weak perfect normality of X , for each « e A 

The next fact follows by observing that the elements m a base of 

topology on II X^ have proper subsets o f X a as fibers only for 
ask 

finitely many indices and hence any Gy -set in n X will have proper 

aeA a 

subsets as fibers for at the most countably many indices 

Conversely, let each X^ be singleton, for a i B , where B is 

a countable subset of A Without loss of generality we can assume 

B = W Bet f e C(x ) Define f to be the function If j ° P , 
n n n 1 n n 

where is the nth projection from I X a to X^,foT each n e A Clearly 

aeA 

f e C( H X M ) whenever f e C(X ), for each n e A 2b snow that 

cteA 

(x„)„ , e H X„ is a zero -set, choose f e C(x ) such that 

a 'aeA , a 7 n n 

aeA 

Z(f ) = {x } C X , for each n eW Now 7 2 f is a uniformly 

neH 

convergent series of continuous functions (e C( H X )), hence is 

aeA 

continuous on IT X a Also z( I 2 n f ) = {(x a ) .) # 

ae A neB n aeA 

§4 Covering properties 

Proposition 4 1 A first countable completely regular Hausdorff 
space is weakly perfectly normal 

Proof Let X be a first countable completely regular Hausdorff 
space and p e X Let {t^} ^ be a base of neighborhoods for the 

ce> 

point p Since the space is Hausdorff, p = fj U Uhue p is a G§ 

x=1 

in X, which is a completely regular space By proposition 2 5 1 we 
get that p is a zero-set 4 
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Question 1 Can we replace complete regularity by functionally 
Hausdorffness in the above proposition 9 

The converse of above proposition is not true as is shown 
by examples 2 14 and 2 15 In the following proposition we discuss 
sufficient conditions on a wpn space to imply first countability 
In fact, we shall study covering properties of a wpn space A 
similar proposition for pseudo -compact spaces will he proved in 
the fourth i chapter (Corollary (4 1 5)) 


Proposition 4 2 In a countably compact space X every closed 
regular G^(hence a zero-set) has a countable base of neighborhoods 


CO 

Proof let A be a closed regular Gg set in X So A = f\ 

i=1 

CO 

= n U, where U. is open in X>-fo;r every i e N 
1=1 

Claim {W = 0 U ) is a base of neighborhoods for A 

P 3 peW 

Tbr, let V be an open set containing the set A Ohen 

■TV. forms an open countable covering of X Since X is 

1 ’ p'pew 

countably compact, this covering has a finite subcover, say 
{V, W° , W° , ,w G ) Let p x = max {p^ ,P n > Ihen clearly, 

P 1 p 2 p n 

since w p +1 C W p > does no ^ intersect for any 3 with 

1 < j £ n Thus Wp +< | O V # 

Corollary 43 La a countably compact normal space every closed G^ 
has a countable base of neighborhoods # 


Corollary 4 4 In a compact Hausdorff space every closed Gg has a 
countable base of neighborhoods # 
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Corollary 4 5 A countably compact wpn space xs first countable 
fhus a compact wpn space xs first countable # 

Corollary 4 6 In a countably compact regular space every 
point has a countable base of nbhds 0 

Proposition 47 A locally compact wpn space X is first countable 

Proof Let x e X be such that x e U C C where C is compact and U 

is open in X Since wpn is hereditary, C is also wpn Thus by 

corollary 2 4 4 of the above proposition, C is first countable 

Let (V . } be a countable base for the point x in C Since C 
i ien 

is a subspace of X, V = W JD C ¥ i e M, where is some open set 
in X Since U C C, C Thus, since U is open in X, 

U 1 will be open in X and U^C ¥ l e N Clearly is 

a countable base of neighborhoods for the point x in X # 

We sum up the above propositions and corollaries to get 

Theorem 4 8 A wpn space with any of the following properties 
is first countable 

(1 ) Countable compactness 

(2) Sequential compactness 

(3) Compactness 

(4) Local compactness 

(5) Completely regular and pseudocompactness 

(6) U -compactness 

Die proof of (5) will be ogive® m the Tourthtchapter -and (6) 
follows from (l) Also, it is interesting to note that a paracompact 


wpn space need not be first countable In fact P/Z is wpn, 
paracompact but is not first countable as was pointed out m 
Example 2 1 5 
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§5 Gg -spaces 

E W .Anderson [1] studied the class of topological spaces 
in which every point is a Gg He calls such spaces Gg spaces 2he 
purpose of this section is to compare the G§ spaces with wpn spaces 
In view of proposition (l 2 1 ) it is clear that a wpn space is a G g - 
space 3he converse is true in a completely regular space Ihis is 
proved m the following proposition It is easy to observe that a Gg 
space is always but need not be 

Example 5 1 let X be any countable set with cofinite topology 
Clearly X is a non-Hausdorff compact G^-space which is connected also 
Since X is countable and connected, the only real valued continuous 
functions on X are constants 

Below we shall give an example (viz example 2 5 2) of a fun- 
ctionally Hausdorff space which is not wpn 

Proposition 5 1 A completely regular G^-space X is wpn 

oo 

Proof let p e X Ohen p = f\ U where each U is open in X 

Since p l X - U and X is completely regular, there exists a zero-set 
1 « 

Z (f ) such that p e z(f ± )C V. Ihus p = f) z(* ± ) and hence a zero- 

1 1 1 i=1 

set, be ing a countable intersection of zero-sets # 

dhe space F/q in the following example is functionally Hausdorff 
G^-space which is not wpn 
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Example 5 2 The space r Let r depots the subset {(x,y) [ y >_ 0} 
of R x !? , with the following topology The neighborhood system 
for any (x,y), y > 0, is the same as in P x R with the usual 
product topology Sbr each x e R the point (x,o) has neighborhoods 

V r (x,0) « {(x,0)} {(u,y) e r (u-x)^ + (v-r)^ < r^}, for r > 0, 

together with the neighborhoods coming from the usual product topology 
on R x R 

It is clear that r is first countable Hie subspace 
D = {(x,o) x e R} of r is discrete Consider f r R + such that 

f(x, t) « t Clearly f is continuous and Z(f) = D Ihus I is a 

zero-set Next we prove that r is completely regular Let P be a 
closed set in r and x i P Since R x R with the product topology 
is completely regular, only case to be considered is that x e D 
and P as r - V (x) 

Let B r be the boundary of V r (x) Define a function f such 

that f(x) = 0 and f(B r ) = 1 Let y e B r Define f linearly on the 

segment determined by the points x and y Also define f(X-V r (x)) = 1 

Consider the neighborhood [0,e) of 0 in R. Clearly f [0,e) = V (x) 

X 1 

Similarly inverse images of other open sets of R+ are also open and 
we get ft C(r), which separates x and P Hence r is completely 
regular 

Let Q denote the set of rational numbers m the sub-space D 
Clearly Q is closed in F Let f be a positive continuous functions 
which vanishes on Q Due to continuity of f, it is clear that f 
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will go on decreasing on the line {(i,x) x e fO for any 1 e P , 

x ^ 0 

and hence mparticular it goes on decreasing on any line aocrve an 
irrational point of D We get that ± should vanish on (i,0) for 
each irrational nuaber i e ft f Ihus Q can not be a zero-set m r 
Clearly r/Q is a functionally Hausdorff space in which Q, the point 
determined by Q,is a G^ but not a zero-set 

Since a G^ set is open m a P-space, a G^ space which is 
also a p-space is discrete But a wpn E-space need not be discrete 

Example 5 3 Ihe space \ (Example 2 1 4 ) is an E-space 

Ibr, n e M . 0 = M is clear Bius each 0„ is maximal 

7 7 n n n 

We prove that 0 a is prime let fg e 0 a z(fg) = z(f) U 2(g) is a 

zero set neighborhood of a, hence (z(f) - (o)) U (z(g) - e U 

Hence either z(f) - {cr} or z(g) -(c) belongs to U , and we get 
that I is an E-space 

Since it is easy to see that a first countable E-space is 
discrete (Oor 5 1 5) j we get another proof of the fact that the 
point <j m the space j> does not have a countable base of neigjihoihoods 
and hence that any free ultrafilter on N does not have a countable 
base Since W does not pW ary role in obtaining these observations, 
we can prove that a free ultrafilter on any set S cannot have a 
countable base by using the above technique Observe that the space 
constructed from S analogous to l will fail to be wpn unless 5 is 


countable 
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56 Characterization of weak perfect normality in C(x) and Borne 
known results 

T o carry out our study via C(x), we always assume X to be 
completely regular because for any space X, there exists a completely 
regular space Y such that C(x) and C(y) are isomorphic We shall call 
such a space Y, the complete regularization of X 

Now onwards all the spaces considered will be completely 
regular Thus Anderson’s Gy-spaces and wpn spaces are one and 
the same hereafter 

We state the following well known results [9] 

Proposition 6 1 Let X be completely regular Then, 

(1) peXisa zero-set if and only if 0 C ICI with I countably 

1? P 

generated 

(2) p e X has a countable base of neighborhoods if and only if 0 

P 

is countably generated 

Proof Corollaries of Lemma 3 11 and proposition 3 2 1 respectively 

Remark 6 1 In (l) above it is clear from the proof that, the term 
"countably generated" can be replaced by "principal" Since O p 
finitely generated means p is isolated (Prep 3 2 6), in ( 2 ) the term 
"countably generated" can not be replaced by “finitely generated" or 
"principal" 

The characterizations in the proposition are not algebraically 
invariant asis shown by the spaces W and W* In fact, in the category 


} 


„«*«**». • . V. • ; : . . 
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of real compact spaces, the above characterizations are algebraically 
invariant and we show more strongly that if X is real -compact wpn 
and if 0(x) is isomorphic to C(y), then not only that Y will be wpn 
but also Y will be homeomorphic to X This fact is proved xn fourth 
chapter 

th e above proposition motivates us to ask whether we can get 
a similar characterization for any zero-set ofX ’ 3he answer is 
affirmative and we prove this m the next chapter 

We next prove 

Leona. 6 2 Let p be a non-isolated zero-set in X If 
Z e Z (c(X-{p})), then Z X e Z(c(x)) 

Proof Clearly Z^ « z or Z U{p} Let h e c(X-tp^) with z(h) = Z and 
0 <_ h <_ 1 onX - {p} 

Case 1 Z X - Z U {p) Since p is a zero-set in X, Ja non negative 
function f^ e o(x) such that Z(f^ ) » {p) Define a function g on X 
by g(x) = £j(x) h(x) for x ^ p and g(p) = 0 Then g e °( x ) by 
proposition (-j 2 2(b))» aad . also z(g) = zU{ P) 

Case 2 Z X = Z By complete regularity, there exists a function 
f 2 e C(x) such that f 2 (z) = 1, * 2 (p) = 0 and 0 <% <1 on X Hence 
if fj is the function chose m case 1, we have f^ + f 2 on ® 1US 

if f 3 = 1 A (f^fg)) we have f ? - 1 on Z, Z(f 3 ) = {p> and 0 1 f 3 i 1 
on X Finally, define a function k on X by k(x) = (l-h(x)) for 

x £ p and k(p) =0 Lhen k e C(x), by proposition (l 2 2(b)) & z(Vk)-Z # 
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The above leama enables us to define a napping r z(c(X-{p})) z(c(x)) 

by r(z) = ? where z e z(c(X-{p})) 

The following properties of r are obvious 

1 If F is a zero-set in X, then r(f-{p}) is either P-(p) or P 

2 If P is a zero-set of X-{p}, then r(P) - {p} = P 

We also have the following 

3 If P is a prime z-filter on X contained properly in Z(M ), and 

Jr 

Z e P, then r(z-{p}) <= Z 

Proof r(z-{p}) s* Z~{p}or Z Also Z(o^)Q^ C z(M^) =# p is non- 
isolated in Z Thus p e Z-{p}^ C Z # 

let l X - {p } ■+ X be the inclusion let denote the 

extension of i to the largest sub-space X^ of B(X~{p}) to which it 
is extendable as a continuous function into X 

Claim tj> is closed 

let o be the inclusion function frcm X~{p} into f3X Since p 

A 

is non-isolated, X-{p} is not compact Consider the extension 3 of 

3 to P(x-{p }) It is easily seen that 3 ^(x) = X^, and hence 

({, as j|X let A be closed in X^ & B closed in 6(X-{p}) such that 

BH X = A Since B is closed m &(X~{p)) it is compact, hence i(b) 

1 

is closed in PX 

Now 3(B) = d((B-A)U a ) ^ 3( B "^)Ul( A ) 

Hence o(B) O X = (j(B-A)U J-(a)) 0 x 

- (oVa)Hx)U (j(a)O x) 

A 

*» 0 Uj (a) » because 
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B-AO X 1 * 0 and = j 1 (x) Thu3 j(a) is closed in X But 

j|x^ — <(> Hence <}> is closed Also, X^ — (x-{p}) cannot be empty 

as (j> is closed, <J> on X-{p} is identity and p is non— isolated jjjfaus 

The facts developed above make the proof of the following 
result due to Kohls [13] routine 

Theorem (Kohls) 6 3 let p be a non-isolated zero-zet m a space 
X, and let <j> and r be defined as above Then, 

(a) If W is a prime z-filter on X-{p} converging to a point of 

“"1 

<J> ({p>)» then r(w) is a prime z-filter on X contained properly in 

z(M p ) 

(b ) If V is a prime z-filter on X contained properly in z(M p ), then 
r "*(V) » {V-{p> V e V }, and r \v) is a prime z-filter on X-{p> 
converging to a point of <J>~^({p}) 

(c ) The mapping r is one-to-one from the set of prime z-filters on 
X~{p} converging to points of $ ^({p}) onto the set of prime z-filters 
on X contained properly in Z(M p ) 

(d) A prime z-filter Won X-{p } converging to a point of <!> ({p}) 

is a z-ultrafilter if and only if r(W) is maximal in the class of 
(prime) z-filter on X contained properly in z(M p ) 

We use part (d) to prove the next theorem which will be 
used m chapter 5 to get some information about prime ideals in 
C(x) for a first countable space X 
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ffheo rem 6 4 £br a non- isolated G^ -point p, the following are 
equivalent 

1 In the class of prime z-ideals contained properly in M , 
there is exactly one maximal element Q 

2 p is a point from &(x-{p}) 

3 X - {p} is C* embedded in X 


Proof l) =*'=“£ 2) Part (d) of the last lemma implies that 

there exists only one z— ultrafilter on X - {p} converging to a 
point of <T'({p}) Since *” 1 ({p})C B(X-{p})-(X-{p}), ^({p}) I s 
singleton Thus $ is one-to-one onto from X-^ to X Also 4 is 
closed and continuous We have X^ homeomorphic to X Thus we 
can consider that XC g(X-{p}) as X 1 C 6(x-{p}) 2) l) 

We have XC 3(X-{p}) Since X^ is largest subspace of g(X~{p}) 
to which i can be continuously extended, p e X^-(X-{p}) Ihus 
1 X-{p}’+-X has extension x„ X + X, the identity map on X 

Since a continuous function on gX has unique extension to X, the 
extension of considered as the inclusion map from X to gX, to 
gX will be identity on gX Thus it is not possible to extend the 
function 1 X - {p} -* X beyond X otherwise the range will no 
more restrict to X Thus \{p }) is singleton and again part (d) 
of last lemma gives us the result 2) 1 3) trivial 


§ Miscellaneous Remarks 

1 Completely normal + wpn perfectly normal (eg w) 

2 Completely regular + wpn > noimal (eg r ) 



Since the known examples of regular spaces which are not 
completely regular fail to be wpn, it will be interesting 
to know if a regular wpn space is completely regular Also, 
we do not have an example of a normal wpn space which is 
not completely normal 

We know that a minimal Hausaorff space which is also 
Urysohn is always compact Thus a minimal Hausdorff wpn 
space is compact It would also be of interest to study 


minimal wpn spaces 


CHAPTER 3 


EXISTENCE O'? COUNTABLY GENERATED IDEALS IN C(X) 

The characterization of weak perfect normality and first 
countability show the existence of countably generated ideals m 
between 0^ and Thus it is natural to study the conditions on 

a closed set A such that 0^ is contained in a countably generated 
ideal or in particular 0 or M is countably generated In the 

■ft. ii 

present chapter we identify these countably and finitely generated 

ideals and obtain very nice characterization for perfect normality 

The countable and finite generation of 0 A and M A are also studied 

for A closed in $X Some applications of the results obtained are 
giver 

1 Perfect Normality and normality 

Lemma 1 1 Let X be a completely regular space A closed set F 
in X is a zero -set in X if and only if there exists a countably 
generated ideal between 0^, and M^, 

Proof Let F = z(f) for some f e C(x) and g e 0^ Since z(g) is 
a neighborhood of z(f), proposition (l 2 3(a)) implies thatg is a 
multiple of f and hence g e (f)j the principal ideal generated by f 
Next, Z(f) = F ===$> f e We have O^C (f 

Conversely, let F be closed with IC where I=(f^jfg, 

It is easy to see that z(f) » 0 Z(f ' ) Thus nz(l)(=* 0 z(f))> 

f el leW fel 

being countable intersection of zero— sets, is a zero— set 
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Claim f\z(l) = 0 Z(f) = O z(f) = F 

fe° p feMj, 

5br, n Z(f)3 n 2(f) 3 0 z(f)C ? 

fe °F feI f £ M F 

is clear Let x e O z(f) If x | F, then there exists h e c(x) 

such that h(p) = 0 and h(x) = 1 We get a g e c(x) with z(g) = h^CO,-!] 
and x i Z(g) from proposition (l 2 2(a)) Tms is a contradiction to 
8 e Op Thus the claim is true Since f] z(l) is a zero-set, F is 
also a zero -set 

Since a space X is perfectly normal if and only if every closed 
set m X is a zero-set (Proposition 2 1 1 ), we immediately have 
Theorem 12 A space X is perfectly normal if and only if for each 
closed set F in X there exists a countably generated ideal between 
Op and Mj, 

Remark 11 As is clear from the proof of the lenua, the term 
"countably generated" can be replaced by "principal" in the lemma and 
the theorem It will be observed later that the principal ideal 
constructed m the above proof can not be M. unless A is open 
(viz Theorem 3 2 4) 

A characterization for normality can also be derived m a 
similar manner But the condition obtained on C(x) for a space to 
be normal seems to be artificial 

Theorem 1 3 A space X is normal if and only if for any two disjoint 
closed sets A and B there exist two countably generated ideals I 
and J such that I CM^ and JC Mg with M nz(j)^ = 
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Proof X normal — - ) A and B are contained in disjoint zero-sets 

z(f) and z(g) respectively for some f, g e c(x) By the lemma we 

get I and J with the desired property Conversely, let I = (■*•-[ ^ 

and J = (g^,g 2 , ) It is easily seen that Oz(l) = 0 z(f) = f) z(f ) 

f el ieW 1 



Z(g) = z(g i ) Since (M nz ( z ) j M rtZ (j)) = c (x)> z(f)D Z(g) = 

= 0 as f e z(l) anc * S e ^ f)z(j ) ^ A and Z(g) Z> B and 

we get that A and B are contained m disjoint zero-sets # 

Remark 1 2 let T denote the lychonoff plank We know that T is 
not normal and that o(T) c( ZT) We see that the above characterization 
is not an algebraic invariant 

2 Some particular countably generated ideals 

She conditions in (3 1 1 ) lemma give rise to two questions 
What are those closed sets A for which 0^ or M. is coun+ably generated 9 
As will be clear from the following results, the desired conditions 
on A for the above two assertions to be true are completely analogous 
to those obtained for the case when A was a point 

Theorem 2 1 Let I be a closed set, completely separated from every 
disjoint closed set in X Then 0^ is countably generated if and only 
if F has a countable base of neighborhoods m X 

Proof Op, = ( f ^ , f g , ) implies that {z(f.j ),z(fg ), > generates 

z[o F ] 

Claim Finite intersections of members of {z(f^ ),z(f 2 ), ) constitute 

a countable base of neighborhoods of F 
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Bor, if U is an open set containing F, then X-U will be a closed 

set completely separated from F Let f e C(x) with f(F) = 0 and 

f(u) = 1 Let g e C(x) be such that z(g) = f -1 [0,-^ ] (cf Proposition 

(l 2 2(a))) Thus z(g) is a zero-set neighborhood of F and (x-U) Oz(g) 

= ,0 We have ge 0 f and z(g)C U Since g e 0 p , g = J with 

k e C(x), where L is a finite subset of W Glearly z(g )~D / »z(f ) 

1 L 

Thus F C 0 z(f )C z(g)C U, and the claim is true Conversely, let 
L 1 

•fTj > .. be an open base of neighborhoods for F It is clear that 

i J i£N 

to 

P m P| u hypothesis, for each l there exists a g 1 m C(x) with 

i=1 1 

gjF) = 0 and g 1 (X-U 1 ) = 1 

Claim The collection > , where e C(x) and z{f^) = 

e ~L f°» 2^ ' generates 0 F 

Fbr, if f e Op then there exists some with z(f)D F 

Hence z(f)DD Dz(f. )Z>F Proposition (l 2 3(a)) implies the 
existence of a k e C(x) such that f = k f ^ # 

Corollary 2 2 Let X be normal and F closed in X Then 0^, is 
countably generated if and on]y if F has a countable base of neighborhoods 

m X 


Since in a compact space a zero-set has a countable base of 
neighborhoods (corollary 2 4 4), we have the following 

Corollary 2 3 Let F be a closed set in a compact space X Then 0^ 
is countably generated if and only if F is a zero-set 
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The following example of a space X in which a is a closed 
set such that 0^ is countably generated but A does not have a countable 
base of neighborhoods was discovered by Kohls [14] 

Example 2 1 Let X = 0° - (&Q - Q) Gonsider the ideal 
I as {f e C(x) X-z(f) is a bounded subset of P] 

I is countably generated 

Let q be a rational Let B be the set of all open intervals 
symmetric about q with rational end points Let A e Since R 

is perfectly normal, there exists a function f e c(R) such that 
z(f) = R - A Since A is bounded, the extension of f to PP will 
v an ish on PR ~ A Thus for each Am 8 we get a function f e c(x) 

4 

such that Z(f ) = X-A If A = (q-q',q+q' ), then denote the f obtained 

above, for this interval , by f , It is now clear that the set 
7 qq 

{f . q ,q ' e Q > generates I Ibr, if f e I, consider a rational 

qq' 

q e X-Z(f) and another large enough rational q' such that 

(q-q', q+q' ) Zit X-z(f) and q 1 is an interior point of z(f) Thus z(f) 

is a neighborhood of z(f , ) and Proposition (l 2 3(a)) gives the 

4 . 4 . 

result 

Let A = X - R It is clear that 0 A ~ I 

A does not have a countable base of neighborhoods 

Let {TJ n > be d.ny sequence of neighborhoods of A Since each 

U must contain all irrationals outside some bounded set, we may 
n 

choose an increasing sequence of distinct positive integers {k^} 
such that U n contains all irrationals with absolute value exceeding k R 
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For each n ? select any rational q^ e with < q < k ^ Thep 

V = X - { q, >q , } is a neighborhood of A, but 7 contains no U 

®ius > A does not have a countable base of neighborhoods 

In the above example we observe that A is not completely separated 
from Q 


In [14] Kohls gives another example of a space in which a 

closed set A has countable base of neighborhoods but 0 is not 

A 

countably generated However* we observe that the closed set A in this 
example does not have a countable base of neighborhoods and thus the 
example does not serve the purpose 

Ihe space considered for the above mentioned example is the 
space T of Example 2 5 2 and the closed set A is the set Q Since Q is 
not a zero-set, lemma (3 1 1 ) implies that 0 cannot be countably 
generated We prove that Q does not have a countable base of neighborhoods 
in r 


Let {up be a decreasing sequence of neighborhoods of Q We choose 
a subsequence of {up as follows 

We sa r U 1 ? D Pl at 1 lf B (l ,i)0 S ; B (1>i) r tJ pi snmlariy 

we say U p ^ at 2 if ^ and Bo on, 

where B/ v denotes the disc of radius s with center r We consider 
(r,s) 

the sequence (U „ , U , U , } thus constructed Let q be an 

H P 0 =1 P 1 P 2 ' 3 

elsnent in r such that q e B U and does not belong to 

U>— ) P 3" 1 

B AO We get a sequence {q > in F which is closed by 

( 3 ,^) P 3 
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construction Thus r ~ {q.^} is an open set contanmg Q and not 
containing any U , and hence r - {q } does not contain any U either 

*i 1 1 

Ihis way we are left with the follwomg 

Question 2 let A have a countable base of neighborhoods m X 
whore A is closed m X Does it always follow that 0^ is countably 
generated 9 

The above theorem helps us in getting examples of ring 3 
in which countable intersection of countably generated ideals need not 
be countably generated Consider the space r of the above discussion 

It is plain that the space r satisfies first axiom of countability 

Thus 0 » for each q. e r> is countably generated But O n = 0 is 

^ Q qeQ q 

not countably generated Thus C(f ) is a commutative ring with 

identity m which countable intersection of countably generated ideals 

is. not countably generated 

Another interesting example of such a ring is c(R) Infact, 
proposition (l 2 11 ) implies that 2 does not have a countable base 
of neighborhoods in R Since R is normal, 0 ? will not be countably 
generated But 0^ for each n e Z is countably generated since R 
is first countable 

The next theorem m this sequence was proved by Gillman [8] 
for compact subsets A of X It was pointed out by Kohls [l4l that 
the arguments m that proof could be modified to get a proof of the 
theorem for closed subsets A of X 
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Theorem 2 4 Let A be closed in X 

if and only if A is open in X 


Then is countably generated 


Proof Let - (f^,f 2 , ) Consider h = £ 2~ a j f | S in ce 

r -n , 1 1/2 

L In' 18 a unifo rally convergent series of continuous functions, 

h is a continuous function Also, it is easy to verify that z(h) = A 

n 

Thus h e JVL and hence h = \ g f for some g e C(x) If a e A and 

i=1 1 1 

n 

m= max }g(a)|, then W = 0 S~' t , 

1<i<n x 1= -| 1 v — m— 1 , m+1 ) will be an open neighb- 

ourhood of a on which each will be bounded by m+1 

h(x) £ (l+m)(|f. | (x)j + |f 2 (x)| + + |f n (x)|) for x e W 

Since each is zero on a, there exists a neighborhood U of a such 
that | f i (x) | 1//2 < for each 1 £ i £ n and x e U 


(l+m) 1 f ) j < 2 n |f 1 (x)|^ 2 whenever If^x)! ^ 0 and x e U 
Thus, if x e W n U and f^(x) 0 for any 1 £ l £ n, we have 

h(x) £ (m+1 Xkj(x)| + |f 2 (x)l + + lf Q (x)l) < 2~ n ( If^x)) 1//2 + 

+ if 2 (x)) 1/2 + + Ifjx)! 1 / 2 ), a contradiction to the 

definition of h 

Hence x e W HU implies that f^x) = 0 for all 1 £ l £Jl We 

get that W 0 U C z(h) = A But WAu is a neighborhood of a This 

gives that a is an interior point of A and hence A is open 

Conversely, if A is open and closed both then A is a zero-set 
Let A = z(f ), for some f e c(x) Clearly f generates in view of 
proposition (l 2 3(a) # 



40 


Corollary 2 5 is not countably generated xor any closed A 

properly contained in a completely regular Hausaorfr connected space 

The conditions on a closed set A for which 0 or M is 

A A 

finitely generated are easy to derive In fact, from the proof of 

the lemma (3 1 1 ) it is clear that if I is an ideal generated by 

{f a a e A} for some indexing set A and if 0 ,C ICF for some 

closed set A, then A = f) z(f 0 ) . f) z(o.) = 0 z(M, ) Thus if 0 , 

f a eA A A A 

is finitely generated, A becomes a neighborhood of itself and hence 
is open Conversely, if a is open then, A is a zero-set and it is 
clearly seen that 0^ is generated by a function f such that Z(f) = A 
We proved the following 

Proposition 2 6 Ebr any closed set A in X, 0^ is finitely generated 
if and only if A is open 

We next observe 

Theorem 2 7 let A be a closed subset of X Then, is finitely 
generated if and only if A is open 

Proof Clear from Theorem 3 2 4 # 

Corollary 2 8 Ebr ary closed set A of X, countably generated 

p ■■■■ ■ ■■> finitely generated <==> principal <•• - — -> A open 

A A 

§3 Countably generated 0 and M for A closed in EX 

The necessary and sufficient conditions on a closed set A 

of 6x for which 0 A is countably generated are exactly the same as 

for 0, where A is closed set of X Precisely we have the following 
A 
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3 ^ A be a closed set in |gX Then 0^ is countably 

generated if and only xf A is a aero— set in fix 


Proof let (j a (f^,f ) 

Claim 0 A Int Z(g) ex = Q Int 


For, if g e 0 , then 


I a x f x for some a e C(x), so that z(g) 3 I 1 z(f ) 


finite 


Kil 1 


finite 


finite 


“z(T7 ex = O Wl® 


finite 


mt iriT® Dmt n irrr lix = n mtwi 611 

finite finite 1 

. n A la * z(iT eX D n Int z(f~T pX That 

geO i=1 

H Int Z[F7 6) S H * Int Zlil^ is clear as £ e 0^ for eah i e N 

• 1 •v*'* 1 

i =1 &0 

C° p y 

proposition (l 2 9), A = 0 Int z(f ) P Ihus i is a ffj 

i=1 X 

in BX Since BX is normal, proposition (l 2 1 ) implies that A is 
a zero-set 

Conversely, let A be a zero-set Corollary (323) implies 

fly 8X 

that 0^ is countably generated m c(6X) let 0^ = ) f 

where f e c(BX) Also, let g e 0 A proposition (l 2 3(a)) 

there exists a unit u e C(x) such that u g = (-IVg)A 1 = £ (say) 

Thus = Z x (g) and £ is bounded Let £ be the extension of £ to 

BX We have Z px (£) D X =Z x (g) 6X As g e 0 A , Z^(g) CX is a 

neighborhood of A So Zg x (I) is also a neighborhood of A and hence 



- _ pa w ~ r 

£ e 0 A We get that £ = l a f for some a e c(Bx) 

finite 1 1 ' 

E/ x = &= l a £ A = I a A £ /X 

finite 1 

Prom this it becomes clear that (f A, f/X, ) generates 0 A # 

The following corollary is trivial 

Corollary 3 2 Q k is countably generated if and only if 0g x is 
countably generated for any closed set A in 3X 

Remark 3 1 The proof of the converse of the above theorem can 

easily be modified to prove the following 

$X A 

Proposition 3 3 countably generated ===== > M countably generated 

for any closed set A in 3X 

Also , from the proof of the theorem (3 3 1 ) we can extract 
the arguments to prove 

Proposition 3 4 Let A be closed in (3X 
These are equivalent 
(l ) 0 A is finitely generated 

px 

(2) C> A is finitely generated 

(3) A is open m Bx 

( 2 ) < 1 * ( 3 ) has been proved in proposition (3 2 6) 

Let A be an open as well as closed set in BX Corollary (3 2 7) 

implies that is principal and hence M A is countably generated by 

A 

proposition (333) The converse, 1 e , M countably generated implies 
A open for any closed A in j?X was left as an open problsa in [ 5] 
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We settle the problem for pseudocompact spaces We also give a 
counter example to show that in a general space the above mentioned 
converse is not true In fact, it was observed later that , 6 De 
Marco [4] had also pointed out a counter example for the same purpose 
and his example resembles the one given here excepting that we do not 
use the concept of round filters 

To prove the final result of this section We require the 
following lemma 

Lemma 3 5 Let X be pseudocompact and g e C(3X) Also let 

-I-- 

g “ g| X Then, Zg x (g) ~ ^ ^ (s) 

Proof It is plain that Z px (g) 2 al80 

that Z x (&) = Z gx (g)Ox / X / 0 (proposition (l 2 8(c))) Next, let 

z ex (s) = n x , where f Q e o(x), n e W, then 

Zoy(s) pl Zjr(f ) 

PA n=1 

z ez (g) n y m o TTzJiJ® 

= hW“ x 

n 

=r>W x 

n 

n 

- V (s) 
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W 2 z gx ^ 

la the above proof we have used the proposition (l 2 8(d)) 

5 6 let A be any subset of a pseudo compact space X 

Then, M countably generated - -> is countably generated 

Proof let M A = ) and g e ^ above lemma, 

Z 3X^ " Z X^ > where £ = g | X Since g e Z^{g)Z> A, and 

hence O A giving us £ e M"^ There exist finitely many 

n 

functions f^fg, , f (say ) such that £ = I a f where a e c(x) 

i=1 1 1 1 

Since X is pseudocompact, each of a 1 and f can be extended to 0X 

If f denotes the extension of a function f e C(x) to 3X, then g = £ 
n - ~ 

= £ a_ L f , because of unique extension property preserved by 0X 

1=1 

-Y g Y 

We get that(f^,f 2 , ) = # 

The propositions (3 3 3) and (3 3 6) are combined to give the 
following theorems 

Theorem 3 7 Let A be a closed subset of 0X The following 
are equivalent for a pseudocompact space X 

(1) M is countably generated 

(2) mJ^ is countably generated 

(5) A is open m 3X 
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As was mentioned, earlier, the aoove theorem is not true 
in a general space 

Example 3 1 Talte a non discrete P-space X Prom proposition (l 2 13(h)) 

it is clectr th^t X is not pseudocompact Bius proposition (l 2 8(c)) 

ensures the existence of a zero-set a in gX which does not intersect 

X But proposition (l 2 13(a)) implies 0 A = M A Since A Ox = , 

A cannot be open in $X By Theorem (3 3 1 ) 0 A is countably generated 
A 

Thus M is countably generated but A is not open in $X 

As an application of theorem 3 1 , we will prove the following 
well known theorem of [9] 

Theorem 3 8 Every non-empty zero-set in SX, if disjoint from X, 
has at least 2° elements 

To prove this theorem, we will make uso of the following 
theorem of Gillman [8] 

"Each free, countably generated ideal is contained in 2 hyper- 
real maximal ideals but in no real maximal ideal" 

Proof of Theorem 3 8 let A be a zero-set in BX with A O X = 0 

A 

Theorem 3 1 implies that 0 is countably generated It is clear that 
A 

0 is free The above theorem of Gillman applies to give the 
result # 

Since Z does not have a countable base of neighborhoods in R 
(Proposition 1 2 11 ), g(R) is an example of a ring in which 0 A need 
not be countably generated for each closed set A in R But if X is 
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a compact perfectly normal space, then corollary 323 implies 
that 0 A is countably generated in C(x) for every closed set A in X 
Thus, the class of spaces X whose C(x) satisfy the above condition 
lies between the class of prefectly normal spaces and the class of 
compact perfectly normal spaces As is shown by R , metric spaces 
need not fall m this class It will be interesting to Identity the 
above mentioned class 



CHAPTER 4 


STUDY VIA RING ISOMORPHISM 

In [1] Anderson proved that if X and Y are both completely 
regular wpn spaces , an isomorphism between their rings of continuous 
functions implies a homeomorphism between X and Y We prove that 
if X is a completely regular, wpn, realcompact space, then the 
isomorphism h C(x) -*■ c(y) implies X and Y are homeomorphic Bus 
differs from similar theorems in the literature m that we do not 
put any condition on Y except that it is completely regular We 
prove the mam theorem through two propositions about images of 
M and 0 under an isomorphism A similar proof works for Anderson r s 

Jr ir 

theorem also 

Proposition 1 1 let X and Y be two spaces with h an isomorphism 
between 0(x) and o(y) If p e X, then h(M P ) =* for some q e Y 
Also, then hCo* 3 ) = 0 q 

Proof Since under an onto homomorphism a maximal ideal goes to 
a maximal ideal, the first assertion is clear Since Theorem (l 2 4) 
gives us that a z-ideal is intersection of prime ideals, 0^ is inter- 
section of all prime ideals betw/een 0^ and It is clear that h(o^) 

is the intersection of all prime ideals between 0 q and M q , since 
image of a prime ideal is a prime ideal under a one-one homomorphism 
This shows that h(o^) = 0 q 

We use the above proposition to give another proof of 


lemma 335 
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Let A be a zero-set in X There exists a. principal ideal I 

m c(x) with O^Cl I C Since X is pseudocumpact, let h be the 

isomorphism between c(x) and c(gx) such that h(f) = f S where f 6 is the 

extension of f to gX Thus for p e X, h(Mj = {f&jf e M } Because 

P P 

of the unique extension of f e C(x) to gx, it is clear that h(M ) = M gX 

P F 

From the above proposition, we get that 

h(0 ) « 0 6X 

P P 


h(° A ) = 0 of- and h(M A ) = M 


aeA 


ex 


A ’ ! a 
aeA 


C h(i)CMf 


^X rr fiX^ U 0X ,JX 

°-0xQ°a Q h(I) £ M A = M -g: 
& A 


Since h(l) is principal and is closed in gX, A^ X is a zero-set 
m gX # 


Corollary 1 2 Let X be a pseudocompact space A point zero-set in 
X is a zero-set in gX 

Proof In the above proposition take a point zero-set in place of 
the zero-set A # 

Corollary 13 A pseudocompact wpn space is first countable 
Proof The proof follows from Corollaries 2 14 and 4 4 2 # 

The above corollary proves (5) of Theorem 248 
Corollary 1 4 Every G^-pomt in X is a G^-point In uX 
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Projf In the above proposition take C(ux) m place uf c(0X) and 
define h as h(f) = f u , the extension of f e c(x) to oX # 


Before proving the mam theorem, we will jrove the fallowing 


Pro position 1 5 let X and Y be two s x aCvS such that h c(x) C(y) 

is an isonori hisu Sr peX be a zero-s^t in X ttuu h( )lO -Iso a fixed 
maximal ideal 


Proof Since 18 isomorphic to , h(M ) is a real maximal 

, . i i i p 

ideal If h(M ) = M* for some p ! e Y, then by proposition 4 14, 
h(0p) as 0 P Also, ix I is a countably generated ideal between 0^. 
and M , then h(l) is also countably generated, since h is an isomorphism 

P CD 

If {f i e W} generates I, then z[liC I )] = f) 2[h(f.)3 = p' or 

, , 1=1 

Since M P is real, £[M P 3 is closed under countable intersection 

Thus (Win = P'» and we g et P' e 2{M P Jf hence Z[M P ] is fixed # 

Theorem 1 6 Let X be wpn and realccmpact Let Y be another space 
such that C(x) % C(y) Baen X and Y are homeomorphic 


o(y) 


Proof Let h be an isomorphism between X and Y The above proposition 
implies that for p e X, h(M ) = ( , for some p» e Y Define f X + Y 

V Jr 

such that f(p) « p' 

Let M , be some maximal ideal in c(y) It is clear that h (M , ) 

P 1 * 

will be real Since X is realcompact, h 1 (M p , ) is fixed. We get that 

f is onto Next, f (p 1 ) = *(p 2 ) — * ^^ M f(p ^ = E ^ M f(p 2 )^ 

===4 M S3 M Pw = Pp 

P 1 P 2 12 


Thus f is one-one also 
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It 18 easy to observe that h(M^) = Mf(A) Infact, b(tt A ) = 

h( i 1 M & ) = O h(M ) = 0 M./ v = M./.\ Similarly by proposition 
aeA aeA aeA x ^ a ' Z \ A ) 

(4 1 1 )we have h(o^) = 

Claim f is a closed m^p 

We can irovc oven a stronger statement that f takes zero-sots 
onto zero-sets 


Ibr, if A is a zero -set, there exists a countably generated 
ideal I such that O.Q, IC M Hence h(o )C h(l)C h(M, ) and we get 
O f ( A )C h(l)C Since h(l) is countably generated, the claim 

will be true if we show that f(A) is closed 

Let f(A) be not closed Clearly M f ur“HU ** M fw = h( V 


h 


-1 


M 


Si' 

f 


(“fTU 5 - “a 

m?n A 

(*U))C A, since A is closed 


fdJCf(A), and we get that f(A) is closed 

Similarly it can be proved that f 1 is closed 

Remark 1 1 In the above Daeorem, the realcompactness of X was 
used in proving that f is onto # 

Remark 12 If in the above theorem we have Y also to be wpn, then 
applying Proposition^ 1 5) for h > we see that h (M^) is fixed for 

S 
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any p e Y We get that the function h defined in the proof of above thaoroa 
is onto Hence the above proof can be refined to get 


Theorem 1 7 (Anderson) let v and Y be wpn such tfcrt c(x) ^c(y) 
Then, X is homeomorjhic to Y # 

Hewitt [ 1 1 3 proved the following theorem 

Theorem 1 8 The ring C(x) completely determines X if and only if X 
is realcompact with the property that for every no n-isolated point 
p e X, there is a function m C(x-{p}) which cannot be continuously 
extended over X, l e , X - {p} is not C-embedded in X 


Erom Theorem 1 6 we have that if X is wpn and realcompact, then 
C(x) completely deteimines X Comparing this with Hewitt's theorem, 
we al^once get 

Coro Hazy 1 9 Let X be realcompact, wpn space Then, X - {p} is 
not C-embedded m X for any nonisolated point p e X 

Since N is C*-embedded in the space l (ef Example 1 1 4) and l 
is wpn, realcompact (cf Theorem 1 2 10 ), the term "C-embedded" in 
Corollary (4 1 9)cannot be replaced by "C*-embedded" 


§2 Some subrings of C(x) 


Let X be a space and E a subset of X Define Rp (f e c ( x ) 
such that f(p) is a constant) It is clear that R^ is closed under 
operations + and ,and thatR p is a subring of the ring C(x) Also, 

1 belongs to R_i. 


up m 


45561 

An 


A®c. Mo 
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Theorem 2 1 C(X/p) 

Proof Let x X X/P be the quotient map If f y/p -* R 1S 
any element m 0(i/S’), define h(f ) = f o x Clearly h is a well 
defined map from C(x/F) to R ? Next, define _g X/F -> R such tnat 
£ o x = g for any g e R p Since X/F has the quotient topology, £ is 
continuous Thus h is onto h is clearly one— one We prove that h 

is a homomorphism 

h(f g) (x) a ((f g) o lX(x) = (f g) (t(x)) 
a f(t(x)) g(T(x)) 

= f 0 X( X ) g o t( X ) 

= (h(f) h(g))(x) 

Similarly, h(f 4- g) = h(f) + h(g) 

Hence h is an isomorphism # 

Since we are interested in studying c(x) for a completely 
regular space X, we will require X/F to be completely regular If X 
is completely regular and if P is a closed subset of X, completely 
separated from any disjoint closed set, it is easily seen that l/i is 
completely regular Also, if X is n imal and P is closed in X, then 
X/f is normal 

Corollary 2 2 A closed G^ m a normal space X is a zero-set 

Proof Let P be a closed G^ in X It is clear that in X/F, the 
point determined by P is a G g , hence this point is a zero-set in J/^ 
With the help of t we can construct a function in C(x) precisely 
vanishing on P # 



CHAPTER 5 


Cio ihBLY GEiERATCD PRIME IDEhLS AW a-I DEALS 


In the last chapter we observed that in a realcompact wpn 
space, for a non-isolated point p, X — { p } can be 3*-embedded in X 
Hewitt [ll ] proved that in a first countable space, x - {p } cannot 
be C* -embedded m X, for any non-isolated point p e X We prove this 
result below and apply it to a result of Kohls C 1 4 ] to get that in a 
first countable space a no maximal prime ideal cannot be countably 
generated Next, we prove a theorem regarding nonexistence of 
countably generated z-ideals above 0^, when p has a countable 
base of neighborhoods The proof has been deauced from a more 
general theorem of Kohls [ 14 ] The theorem has been generalized for 
some particular closed sets Afy the help of this theorem we identify 
all the countably generated z-ideals on a pseudocompact space In [4] 
De Marco asks whether a countably generated z-ideal I is always of the 

0 £L 

0 with A a zero-set of fX ’ We prove that if it is so, even 

as A 

for closed sets A m BX, then A = 8(l) 


§1 Countably generated prime ideals 

We will first prove Hewitt's result 

Theorem 1 1 Let p e X have a countable base of neighborhoods 
Then X - {p } is not C*-embedded in X 

Proof Let (U ) .. be a base of neighborhoods for p, which without 

n n^N 

loss of generality, can be considered to be a decreasing sequence 
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Let be any point in such that it has a neighborhood contained 

m ip and such that p £ V Choose a neighborhood U of p wh_ch does 

n l 

not intersect V. Next, we choose a point p e J different from 

1 n 1 n i 

p and repeat the same process to obtain a neighDorhood U of p 

P 2 

and V ( r. U ) of p such that U pi V = 0 Continuing this way 
1 1 n l p 2 1 

we will get a sequence of points {p^ , , } and neighborhoods 

n o~ n l n 2 

{V 1} V , V t }, where each V is a neighborhood of p , with 
> n 0 n r n 

12 1 x 

tne following properties 


(1) V fj V = ^ for i ^ and 

i 3 

(2) fbr any n, all but a finite number of the neighborhoods V are 

°k 

contained in U 


Define a sequence {if* } of continuous functions on X such that 
c kefj 

ip ( p ) = 1 and ip (V ) = 0, whenever k is an even integer and 
“k \ \ “k 

- 0 on X, whenever k is odd Define a function ip on X - {p> as 
x 

follows 

03 

+ (q) = l 1> (q) , q e X - {p} 

k=0 k 

Star any q e X - {p}, there is a neighborhood w(q) of q and 

U n (p) of p such that W(q) OD n (p) = 0 Ihus due to the property 

(2) of the sequence (V ) , only a finite number of the sets 

Q i 1 eW 

V will intersect the set w(q) We get that only finitely many of 

\ 

ip will be different from 0 on w(q), and hence i|» is continuous at q, 

\ 

for any q e X - {p} Ihus, is continuous on X - {p} If necessary, 
we form the bounded function i ^ Al , which is continuous on. whole 
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of X - {p} and set, that ip cannot be defined at p so as to be 

continuous at that point, since m every neighborhood U (p), th„re 

are points q at which ip vanishes and points q at which it is 

n 2k+1 2k 

equal to 1 # 

In [14] Kohls proved the following theorem 

Theorem 1 2 A nonmaximal prime ideal I in c(x), containing 0 , is 

countably generated if and only if the following three conditions are 
satisfied 

(1) I cortains an element f such that z(f) = {p} 

(2) In the class o± prime z-ideals contained properly in there 
is exactly one maximal element Q 

(3) The ideal i/Q in the ring o/Q has a countable co final subset # 

Since the prime ideal I is nonmaximal and contains 0^, we get 
that p is nonisolated zero -set in X Theorem 264 gives that the 
statement (2) m above theorem is equivalent to the following 
(2 1 ) X-(p)is C*-embedded in X 

Theorsa (51 1 ) atonce gives us 

Corollary 1 3 let X be a first countable space A prime ideal I 
in C(x) is countably generated only if it is maximal 

Theorem 3 2 4 gives us the following 

Corollary 1 4 let p be a non-isolated point having a countable base 

of neighborhoods If I is a prime ideal containing 0^, then I cannot 


be countably generated # 
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Corollary 1 5 A first countable F-space is discrete # 

§2 Countably generated z-ideals 

Theorem 2 1 Let p have countable base of neighborhoods and I be a 

z-ideal above 0 Then. I is countably generated if and only if 1 = 0 
p P 

Proof Let I be countably generated and 110^ Thu" there eyists 

Z £ Zll] which is not a neighborhood of j , l e t is not an interior 

point of Z Since p has a countable base of neighborhoods, there 

exists a sequence SC X-Z that converges to p Let I = (f^f^j ) 

— pX 

with |f j < 1, ¥xe W Define a function to be zero on Z and 

y T' If | 1//2 on S This function is continuous on the closed set 
4u 1 m 1 

—fix 

S U z , and hence has a continuous extension to ft X Let the 
restriction of this function to X be denoted by h Then z(h) D Z, so 
h e I as I is a z-ideal Let q e X - {p} There exists a function 
s in c(x) such that s(q) = 1 and s vanishes on a neighborhood of p 
l e s e 0^ Thus ^ 2^ IfJ^ 2 cannot vmsh on q(^ p), hence z(h) 
is disjoint from S If we somehow prove that Z(h) is a neighborhood 
of p, we will get a contradiction as p is the limit point of S 

Since h £ I, h = l a t « l a f (say), where a x £ c(x) 
finite n 1 i=1 

Let m = max ja (p)| Then ff = H \ (-m-1,m+1 ) is an open neighborhood 

i 1 i=1 

of p on which each is bounded by m+1 

h(x) < (l+m) (if^x)! + + |f n (x)l) for x e W 

Since each f is zero on p, there exists a neighborhood U of p such that 
. -n 

If (x)r' 2 < 2 — for each 1 < l < n and x £ U 

i x \ 1 1 m+1 — 
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(l+m) If^Cx)! < 2 n jf i (x)j l/2 whenever Jf (x)|/£ 0 and x e U 
Thus, if x e W Pi U and if f^x) 0 for some i such that 1 £ i <_ n, 

we have h(x) < 2 n (| f (x ) j + + | f Q (x) j ), a contradiction to 

the definition of h Hence if x e 7 r J, f (x) = 0 for all l with 
1 <_ 1 £n We get thsfc l flUC z(h), and that a is an interior point 
of z(h) # 

Remark after proposition (l 2 7) shows that an ideal I in C(x) 
need not contain We put this condition on the ideal I to get 

the following theorem 

Theorem 2 2 Let I be a z-ideal in C(x) with the following properties 

(1) » ((l) 2^o |(l) 

(2) *(l) is completely separated from every disjoint closed set 

(3) <J>(l) h as a countable base of neighborhoods in X 


Then I is countably generated if and only if I = ®<{)(i) 

Proof Due to condition (2), we have X/<|>(l) a completely regular 
space Let 4>(l) denote the point determined by m xMi) 

Due to condition (3), the point b(l) will have a countable base of 
neighborhoods in X/b(l) Let h be the isomorphism between G(X/<i(l)) 


and defined m Theorem (4 2 1 ) It is easy to observe that 

h(O^) = °(+(i) 811(3 = m a( j) Also, from Theorem (l 2 5) 

we get that h ^(i) is a z- ideal We have transferred the whole 


situation to C(V$(l))Applying Theorem (5 2 1 ) to the ring c(X/<}.(l)) 
We get that h (i) is countably generated if and only if h (i) = 


# 


The Theorem is clear 
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In a first countable space it is simple to pro/e that any 
countable set, which is also compact, has countable base of neighoorhoods 
Since a metric space is normal, we have 

Corollary 2 3 let X be a metric sp°ce and P a countable, compact 
subset of X Then no z- ideal, excepting 0^,, between 0^, ana is 
countably generated 

The proof or tne following corollary is also clear 

Corollary 2 4 A countably generated z-ideal I in a compact space X 
is of the form. 0^, where A (= ^l)) is a zero-set m X 

We prove similar result for a pseudocompact space also This 
is done by transferring the information obtained m C(x) to c(3X) 

We first give the following definitions 

Definition 2 1 Let X be an ideal in c(x) Then, 

(a) I* = iO C*(x), where C*(x) is the ring of all bounded continuous 

functions on X } and 

(b) I fi = {f & |f elf! C*}, where f P is the extension of f to ’’X 

We next prove two propositions 

Proposition 2 5 $ Let I be a z-idecil on C(x) Bien I* = I f t 0* is a 
z-ideal in C*(x) and I r = |f e I fi C*> is a z-ideal in c(f*x) 

Proof It is easy to verify that I* and 1^ are ideals in C* and C(gx) 
respectively Let f e C* 3 Z(f):D z(g) for some gel* Since C*e C, 

f e I ie fel* Next, let f e C(&x) 3 Z gx (f)"2 
some g® e We have Z^ x (f)O X? Z px (ge)H X » Z^g) where 
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6 3 

g = gP/X e I* Thus, Z x (f/X)D Zj^g) Hence f/X e I+, x e , f P e I 
because of unique extension of functions # 

Proposition 2 6 let I be an ideal such that I 0^^ Then 1^ 

ry 

is an ideal with 1*0 0„/ T \ 

t 0(i; 

0(l) 

Proof There exists a primt ideal P m c(x) such tht f D 0 and 
T ~£> 1 So there exists a bounded function f e I such that f £ H, 
because from proposition (l 2 3(b)) we know that every ideal m 
c(x) has a set of bounded generators Thus P H C* i> I* But I fl C* 
is prime m C* Since the mapping f -> f^ is an isomorphism of C*(x) 
onto c(gx), fl C*)^ is a prime ideal not containing 1^ We get that 
I B ^ Og^v That I ® 3 0®^) is clear # 

Since every ideal m c(x) has a set of bounded generators 
(viz , proposition 1 2 3(b)), if I is countably generated, we can have 
a countable set of bounded functions ) which generates I 

But J*(=I fl (?) need not be countably generated (though the condition 
seems to be very stringent , if we assume that I & I* are countably 
generated, then for such ideals we have the following 

dheorem 2 7 Bet I be a countably generated ideal in C(x) such that 

T ^(l) 

I* is also countably generated 3hen I is a z-ideal only if I - 0 

Proof Bet I be a z-ideal If X / 0 then Proposition 526 
implies I^B> ° 0 (p) But since I* is countably generated, I * 3 is also 
countably generated Proposition (5 2 10) (proved later) implies 
that iGc 13:11:13 Corollary (5 2 4) we get that I * 3 = y 

a contradiction # 
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Since for a pseudocompact space X, c(x) = C*-(x)j I coincides 
with I* Thus we have the following 


Corollary 2 8 let X be a pseudocompact space and I a z- ideal in 
c(x) Then I is countably generated only if I = 0® * # 

G le Marco [4J raised the following question 

"Is every countably generated z-ideal of c(x) of the form $ / 0 P , 

peA 

with A a zero-set of BX" 9 


P 

We prove that if I is any ideal equal to / 0 , for some closed 

peA 

set A in B^then A = 0 ( I ) Before proving this, we have two propositions 

A ID 

Proposition 2 9 0 ~ £===> PeA where A is closed in BX 

A — r 

Proof Let O C. W and p i A Then there exists f e c(ex) such that 

Z„„(f) A and f(p) = 1 Consider g e c(px) such that Z.„(g) = f "* 

PA pJv 

[0,-|3 Thus Zg X (g) is a neighborhood of a and p £ Z^ x (g) Let g = g/X 

Then z(g) = Z gx (g) Q X p, Int Z gx (g) f] X Thus z(g) ~ Int Z gX (g) P X 
“BX g x 

Int Z DV (g) , as X is dense in BX Hence z(g) is a neighborhood of 

pJL 

A in pX We get that g e 0 A Since Z^Cg)^. Z^g)^", p ^ z(g) i3X Ohis 
implies that g £ M P , a contradiction to the fact that O^C- M P Thus 
peA 

A p 

Converse follows by observing that 0 = p 0 # 

peA 

Proposition 2 10 

O o p d^ r i m p 

peed) ~ pee(x) 

for any ideal I 

Proof 6(l) a ( j Kff X = {p e BX such that ICM P } # 
fel 



61 


Thus it is clear that IC fl M p Next, let f e n o p 

Pe9(l) pe0(l) 

Then Int &][ z(f) D e(i) X - Int gy z(f) xs a closed set in gX 

Since the family { z(f ) P such that f e 1} has finite intersection 
property, there exists an f e I such that (ff f') (x-Int z( f ) ^ ) = $ , 

i 1 p/ 

as 6X is e cap act and 8(l) = H Z TJ) Ohus 0(l)C 

_g y fEl 1 

Intg y ZUT Hence Proposition (l 2 3(a)) implies that f = k f ^ for 
some & e C(x) Since f^ e I, f e I # 

Theorem 2 11 Pet Is (*) 0 P , for some closed set A m £5X Then 

peA 

A « 6(1) 


Proof Prom Proposition (5 2 10 ) we have 

f) 0 P C icfl 0 p c O M p 

pe0(l) peA pe8(l) 

Prom Proposition (5 2 9) it is clear that 0(l)C A 
a e A, then 


But 


n o r an o p no a 

pcs(l) pe8(l) 

since n o p c n 0 P and a e A, 
_ / _ \ — ' 


pee(l) 


peA 

n 

o p C 

n o P n o 1 

peed) 


pee(l) 

0 

o p = 

n o^no* 

pe0(l) 


pee(l) 

n 

pe0(l) 

° p c 

ci — * 9. 

0 C M 


Conversely, if 


Hence again by Proposition (5 2 9) a e0(l) 
AC6(l) # 
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